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1 INTRODUCTION

Kuratowski [1] and Vaidyanathswamy [2], were the
first to introduce the concept of the ideal in topological
space. They also defined local function in ideal
topological space. Hamlett and Jankovic in [3] and [4],
studied the properties of ideal topological spaces and
introduced an operator called ¥ operator. In 2014,
Renukadevi et al [5], introduced the concepts of u —

local function, ¥« operator, # —codense ideal, and & —
compatible ideal in ideal supra topological space.

The concept of binary topological space is a hew idea in
literature. It was introduced by S. Jothi and P.
Thangavelu [6] in 2011, where the binary topology
from X to Y is a binary structure satisfying certain
axioms that are analogous to the axioms of topology. In
2017, M. Thivagar and J. Kavitha [7], merged binary
and supra topological space and formed a new
topological structure called binary supra topological
space. In 2018, Al-Omari and Modak [8], introduced
another new concepts, binary ideal topological space,
and binary local function. Also, they studded some
generalized closed sets and characterized them.

In this work, we introduce the concept of binary ideal in
supra binary topological space and define the Ideal binary
supra topological space. Also, we define two sets of
operators, Bs —local function and ‘3. operator and discuss

their properties. Finally, we introduce the Bs —codense ideal

and examine the properties of this notions.
PRELIMINARIES AND DEFINITIONS

In this part, we will revisit essential definitions and their

properties.

Definition 2.1. [5] Let (X, &) be an ideal supra topological
space. A set operator ()*:K(X) = K(X), s said to be # —
local function of I on X with respect to 4, and defined as:
(E)*U,p)={x€EX:UNE &I, forevery U € u(x)},

where pu(x) ={U € u:x € U},
Definition 2.2 [5] Let (X,i,I) be an ideal supra
topological space. An operator ¥u:K(X) = p js

defined for any E € K(X) py:

Yu(E)= {x € X:3U€E ulx):U — E €I} and
PYWE)= X -(X -E)™

Definition 2.3 [5] An ideal I in an ideal supra
topological space (X, 1) is called H— codense ideal if
pnil =0

Definition 2.4 [7] A binary supra topology from X

toY is a binary structure B; € K(X)x K(Y ), if
the following holds:

1. (X,Y) € B; and (9, D) € B..
2. (EaGo):a € A} jsa family of members ot Bs
, then (VE, U Ga) € B,

If Bs is a binary supra topology from X to

Y then the triplet (X.Y,Bs) is called a
binary supra topological space. The elements of

B are called binary supra open sets and

denoted by bs —open. The complement of
binary supra open set is called binary supra closed

bs —closed.

Definition 2.5 [7] Let (X,Y,Bs) be a binary supra

and denoted by

topological space and let (x,¥) € XX Y. A subset
(E,G) of (X,Y) is called a binary supra neighborhood
of (x,¥) if there exist a binary supra open set (U,V)

such that (x,¥) € (U,V) < (E, G).
Example 2.6 LetX = {ab,c} ana¥ = {1,2}
with a binary supra topology

B, =
{x,Y),(©,0), (b}, {1}, ({a, b},{2}), ({a, b}, Y )}.

Then, (X,Y),{a,b},{2}),({a,b},Y) js binary supra
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neighborhoods of the point (a, 2),
Definition2.7 [7] Let X,Y,Bs) be a binary supra
topological space and (E,G) < (X,Y).The ordered
pair ((E,6)", (E,6)*)is said to be a binary supra
closure of (E,G), denoted by CI”(E,G) if:

(E,60)Y = N{E, :(Ey ,G, ) is bs —
1. closed and (E,G) S (E, ,G, )}

(E.6) = N{B; :(Ey :65) ishs —
closed and (E,G) € (E, ,G, )}

Definition 2.8 [7] Let (X,Y,Bs) pe a binary supra
topological space and (E,G) € (X,Y). The ordered
pair (E,&)" ,(E,6)) )is called a binary supra

interior of (E.G), denoted by Int*(E,G)
(E,G)Y" = U{E, :(E, ,G, )is bs —
1. open and (E, ,G, )c (E,G)}.
(E,6)*" = vu{G, :(E, .G, )is bs —
2. open and (E, ,G,) < (E,G)}.

Example 2.9 LetX = {a,b,c} apq ¥V = {12} wiy
the binary supra topology

Then, the bs — closed sets are:

B, =
{x,7),@,0),({a},Y), {a,b},{2]), (8, V), {a, b}, Y )}
{x,Y),(©,0), ({b, c}, ®), ({c}, {1}), (X, D), ({c}, D)}. 1f

E.6)= (b}®) then, CI*(EG)= ({b,c},0),

and Int™(E,G) = (0,0).
Theorem 2.10 /7] Let (X,Y,Bs) be a binary supra

topological space. For a subset (E,G) S (X,Y) the
following hold,

1. CI*(E,G) is the smallest bs —closed set
containing (E, G).
2 (E,G) js a

(E,G) = CI’*(E,G)

bs —closed in (X,Y,Bs) jff
Proposition 2.11 /7] Let X,Y,Bs) be a binary
supra topological space and let (E,G) ana (H,L)

be subsets of K(X) X K(Y ), Then

1. Cls(8,8) = (8,0) ana C*X,Y) = (X,Y),

2 (E,G) < CI*(E, G),

N Cle(czbS(E,G)) = CI(E, G),

4 CI”(E,G)v CI*(H,L) < CI*((E,G)V (H,L))
5.
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cl’*((E,6)n (H, L)) < CI*(E, G)n CI*(H, L).
Proposition 2.12 /7] Let(X,Y, Bs) be a binary supra
topological space. For a subset (E,G) S (X,Y) the
following hold,

1. Int*(E,G) js 4 bs — open.

2. It™(E,G) s the largest Intbsopen set
contained in (E, G).
3. (E,G) js a
Int’*(E,G) = (E,G).

bs —open if and only if

Theorem 2.13 /7] Let X,Y,Bs) pe a binary supra
topological space and let (E,G) and (H,L) pe

subsets of K(X) X K(Y ). Then

Int?*(0,0) = (0,0),
Int?s(X,Y) = (X,Y),

2
3. Int’((E,G)n (H,L)) € Int>(E, G) N Int>S(H, L),
4 Int?s (Int?s (E, G)) Int? ((E, G),

Int’s((E,G) U Int?s ((H,L) < Int® ((E,G) U
5. (H, L)).

Proposition 2.14 Let (X,Y,Bs) be a binary supra

=

topological space and let (E.G) pe subset of
K(X)x K(Y), Then

1.

2. (X,Y)— Int’*(E,G) = CI>*((X,Y)-(E, G)).
Proof.

1. Let (x,y) € (X,Y)-CI*(E,G). Since

(xX,Y)—cls ((E,G) = Int*>*((X,Y )-(E, G)),
(X,Y)—CI*(E,G) is a bs—open
(X,Y)-CI”(E,6) € ((X,Y)-(E,G) then
Hence,

(X,Y)—CI> ((E,G) < Int’ ((X,Y)-(E, G))......(0D)
Int?s((x, Y )-(E, 6)),

set and

Conversely, Let (x, ) € then,

(x,¥) € Int?* ((X,Y)-(E, G))

Int®>((X,Y)-(E,G))n (E,G) = 0.
This implies that &¥) €& (E,G) and hence
(,y) €(E,G)N (U,V) for any bs—open set
containing (*.¥). Therefore, (x.¥) & CI**(E, G),
and then (&, ¥) € (X,Y ) — CI”(E,G). Hence,

Int>*((X,Y )-(E, G))
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c (X,Y)—CI*(E, G).....(i1)

By (1) and (D) the proof is complete.
2. By @Y we

(X,Y)— CI*(E,G) = Int>*((X,Y) — (E, G)),
then

have

X, Y)— Cl’*((X,Y)-(E,G)) = Intbs (E,G).
Taking complements of both sides implies:

c(x,v)— (E,6))= (X,Y)— Int’(E, G).

Definition 2.15 /8] Let X and Y be any two non-
empty sets. A binary ideal from X to Y is a binary

structure I € K(X)X K(Y) that satisfies the

following axioms:

1. (E,.G)eI  gpq (HL)S (E,G)  mplies
(H,L) € I.

2. (E1,G1) € I 3pq (E2,G2) € I jmplies:

(Ey UEy,Gy UGyE I

2 Ideal binary supra

topological space
In this part, we introduce the concepts of ideal

binary supra topological space and binary S —
local function and discuss some of their
properties.

Definition 3.1 A binary supra topological space
(X,Y,Bs) with a binary ideal I on K(X) X K(Y) is
called an ideal binary supra topological space and is
denoted by (X, Y, Bs, I).

Definition 3.2 Let X.Y,Bs,I) pe an ideal binary
supra topological space. A set operator

O)*:KX)X K(Y)—= KX)X KY), js called a

binary S — local function, and is defined as:
(E;G)*s (IIBS) = {(xly) e (XIY) : (U n

E,V 0N G) €I for every (U,V) € Bs(x,¥)}
where,

Bs (x; y) ={(U,V) € Bs: (x,y) € (U,V)},

Theorem 3.3 For a space X,Y,Bs,I) et

(El G)I (H: L)l (El’ Gl)t (EZ' GZ) (Ei’ Gl) c X X Y
Then,

1 (©@,0)= = (9,0).

2. (E,G)c (H,L)= (E,G)'sc (H,L)s
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ideal ] 2 1on
X xY, (E,G)=(J)c (E,G)=(I.
4 (E.o)%e CIE(E 6

3. For another

5. (E,G)™ js a bs —closed set

6. ((E;6))= = (E;6)",

7 (E,G)=u (H,L) < ((E,G)u (H,L))",
U((E,6)™ © (U;(E,Gi))™,

9 ((E,6)n (H,L))* c (E,G)*n (H,L)*,

10. For

(U,v)€ B, (U,v)n((U,V)N(E,G)" c (UV)N
(E,G)™,
11. For

1 eL((E,QUI)™ = (E,G) =
Proof.

((E,6)-1)~

1. Obvious by the definition of binary $ ~local
function.

2. Let (E,G)c (H,L) and (x,¥) € (E,G)™*, Then
(U,V)€E By(x,y), UNEVNG) &I

for every
Since, WNEVNG)c (UNHYV NL)  then
UNHV nL)E I This implies that

(x,y) € (H,L)™.

3. Let J 21T gnd (x,y) € (E,G)=(J). Then for
(U, V) EBs(x,y), UNE,VNG). So,
Hencer (x,¥) € (E,G)™(),
Therefore, (E,G)=() < (E,G)(I),
4. Let x,y)€ (EG)s Then
(U,V)€Bs(x,¥), UNE,V NG) & I. Hence,

every

U NEV nG)¢g I

for every

(W nEV nG) # (0,0) and (¥) € CI*(E,G),
Therefore, (E,G)*s © CI” (E, G).

5. To show that (E,G)™ is a bS —closed set and since
each binary supra neighbourhood (1Y) of (x,¥)

contains a (U'V)E Bsxy), let ENWGNV)E I
then

(ENUGNV)c (ENpGNv),(ENUGN
V)E I

for

. It follows that, X, Y)-((E,G)™) is a union of bs —

open sets. Since the arbitrary union of bs —open sets
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(X,Y)-(E,G)*s i 4 bs

is a bs—open set, then “open

set and hence (E,G)™ is a bs —closed set.
6. By @), (EGYI)=c (C*E6) =E6)

since, (E,G)™ is abs —closed set by (5)-

7. For the subsets (E.G),(H,L), we have

(E,G)c(EUH,GUL) and

(H,L)c (E UH,G U L),g, by (2),

(E,G)s ¢ (E UH,G UL)*5, and,

(H,L) < (E UH,G U L) Therefore,

(E,6)*= U (H,L)s c (EUH,GUL)s =
((E,G)(H, L))"

. 8. Directly by (7).

9. For the subsets (E,G),(H,L)) we have
(E nH,GnL)c (EG), and
(E NH,GNL)c (HL) Then, by (2),
(ENHGN L)< (E,G)*s and
(ENHGnNL)s « (HL), Therefore,
((E.6)n (H,L)*= (ENHGNL)s c
(E,G)*s n (H,L)*.

10.  Since, (WV)N(EG) c (E,G),  then,

(Wv)n (E,6)° c (56 and  hence,
W,v) n (U, V)N (E,G)* < (UV)N (E,G)s
1. Since, (€,6) © ((E,6) U I), then, by (2),

(E,6)sc ((E,6)uI)~ ... )
Let (x,y) € ((E'G) U 1)*5 - Then, for every

(U,v)e Bs(x,y),U,V)N((E,G)UI)& I Hence,

W,vINEG & I

Assume that

U, v)n(E,G) el w,v)ni c 1

. Since implies

wvinlicr wvIn(E,QuieTr

then
which is a contradiction. Hence (,¥) € (E,G)™*

and’

((E,®)u I) == c (E,G)s......... (ii)

From () and (i1) we have
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((E,6)uI)* = (E,G)s..c...... (iii)
Now, Since ((E'G)_ 1) & (E'G), then,
((BGY—-A) € (BiG) s (iv)

Finally, let (x,¥)€ (E,G)™ We claim that

(x,7) € (E-1)* Suppose this is not the case, then

there is a (U,V)E€ Bg(x,y) such  that

w,vin ((E,6)-I)e I I €1,

Let then

Ivu ((U:V)n ((E'G)_I))E I' " This implies that

1V (U, V) n((EG)ET, Hence, (

U,V) N ((E,G) € I which is a contradiction to the
fact that (x,¥) € (E,G)™ Therefore,

(E,6)* c ((E.G)— D)".....(v)
Hence, from (iii), (iv) and () we have

(E,6)uID)™ = (E,G) = ((E,G)-I)°
Following two examples, the first one supports

the item (11) of Theorem 3.3, and the second
one is a counterexample, showing that replacing

(S) with (%) in item (10) of Theorem 3.3 is not
hold in general.

Example 3.4 Let X = {ab,c} gpg ¥V = {1,2}
with

B; ={(X,Y),(0,0),({a},Y),{a b}, {2}),(,Y), {a b} Y )}
and a binaryideal’ = {(©,0),({b},0)}, Let! € I
where I = ({b},®) apg (H,L) = ({c}, D). we show

that ((H,L)U (D)* = (H,1)* ppe bs ~open sets
containing
(@, 1) gre: {(X,Y),({a},Y),{a,b},Y)},

(a,2) are:{(X,Y), ({a},Y),{a, b},{2}), ({a, b}, Y)},
(b,1)are:{(X,Y), {a,b},Y)}

(b,2) are: {(X,Y),({a,b},{2}), ({a, b}, Y )},
(c,1) js: (X, V),
(c,2) is: (X,Y),
Now,

(H,L)s = {(c,1),(C,2)} (1)
({b,c},9), and

(HLUD)™ = {(c,1),(c, 2}, (2)

while, (H,L)U I =

Hence, from (1) and (2), we get
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(H,LYUD® = H,L)

Example 3.5 Let X ={a,b,c,d} and Y = {1,2}
with

B; = {(X,Y),(9,0),{a},Y), ({a, b}, {2}), (8,Y), ({a,

and a binary ideal T = {(0,0),({c}, D)}  Ler

(E,G) = ({b},D) apnq(H,L)= (D,{1}), then the

bs — open sets containing

(a,1) are: {(X,Y),({a}, V), ({a,b},Y )},
(a,2) are: {(X,Y), ({a},Y), ({a, b}, {2}), ({a, b}, Y)},

(b,1) are:{(X,Y),({a, b}, YV)}

(b,2y are: {(X,Y),{a,b},{2}), {a,b}, Y )},
(c,1) js: (X,7),
(c,2) js: (X,Y),
d,1) js;: (X,7),

(d,2)is: (X,Y).
Now,

(E,)*s = {(b,1),(b,2),(c,1),(c,2),(d, 1),
and

(H,L)s = {(a,1),(b,1),(c,1),(c,2),(d,1),(d, 2)}
then,
(E,G)*suU (H,L)"s =

{(a,1),(b,1),(b,2),(c,1),(c, 2),(d, 1),(d, 2)}..{1)
while (E, G) U (H,L) = ({b}.{1}) and

((E.6)u (H,1))” ={(a1),(a2),(b1),(b,2),(c
Hence, from (1) and (2), we get

(E,G)=u (H,L)= = ((E,G)u (H,L))*

3 Binary Supra Operator ¥B
In this section, we will introduce the concept of

Binary Supra Operator #5. and examine some
of its properties.

Definition 4.1 Let (X,Y,Bs,I) pe an ideal binary
supra topological space. The binary supra operator
Y5, :K(X) XxK(Y) = Bs s defined for every
(E,G) € K(X)x K(Y)by Y5 (E,G) = {(x,y) €

(X,Y): 3(U,V) € By(x,y)
(U,V)—(E, G) (= I}, and

such that

¥y (E.G)= (X,v)— ((x,v)— (E,G))"
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Theorem 4.2 Let (X.Y,Bs,I) pe an ideal binary supra
topological space. Then

1. n(EG<S XY) then ¥8.(E.G) ;5 5 bs—
open.

'"PBS(E,G) c lIIBS(I'I,L).
3. If (E,G),(H,L) € K(X)X K(Y), then

Y5 (E,G)U Y5 (H,L) c Y5 ((E,G)V (H,L))
4. If (E,G),(H,L)E K(X)X K(Y),

¥Y5.((E.G)n (H,L)) c ¥5 (E,G)Nn ¥p_(H,L)

then

5. 1f(U,V) € B, then (U,Vv)c ¥p,(U,V).
6. 1 (E,G) < (X,Y), then

¥p (E,G) c¢ ¥p (¥p ((E,G))
7. IF(E,G) € I thep

Y5.(E,G) = (X,Y)-(X,Y )™
8. If (E,G) c (X,Y), then
Int*(E,G) c ¥g (E,G)

If (E,G)g (X,Y)’ then

©

(X, Y)-E,6)° = (x,Y)-E6))"

¥5.(E,6) = ¥5,(¥5.(E.6) jrana only if

10. If (E,G)c X,Y),I €1 then

Y5 ((E,6)-1)= %5 (E,G).

11. If (E'G)—C- (X,Y),I € I, then

Y5 ((E,G)uI)= ¥ (EG).
12. 1f ((E,6)-H, L)V (H,L)~(E,G) € I, shen

Y5 (E,.G)= ¥p (H,L).
Proof

1.  We know that ((X' Y)-(E, G)) is a bs — closed
by (5) of Theorem 3.3. Then

x,7)- ((X‘ Y)- (E‘G)) is a bs—open set. Hence,

P, (E,6) isabs — open.
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2. Let(E,G) & (HL), then
(x.v)-(HLD) e (XY)-(EG). By (2) of
Theorem3.3,

(&, ¥)-H, L) c (X,Y)-(6)” . Therefore,
Yp.(E,G)c Wg (H, L)

3. Since (E,G)c (E UHGUL), and
(H,L)c (E UH,GUL), then,

(E,G)U(H,L)c (EUH,GUL) Hence, by (2),

¥5.(E,G)U¥s (H,L) c¥p ((E,6) U (H,L)).
4.Since (E,G)N (H,L) c (E,G) and

(E,G) n (H,L) < (H,L), from (3),
s ((E,6)n (H,L)) c W5 (E,G) n ¥Bs(H, L).

5. Let (U,V) € Bs. Then ((X,Y)-(U,V)) is a bs—
closed set and hence,

c’s(x,y)—Ww,v))= (x,y)—(U,Vv)) By (4) of
Theorem 3.3,
(X, Y)~(U, V)™ < ct"((x,y)-(U,V)) =
(x,v)-(u,v))

Hence, U,V) € (X,¥) — (X, Y)~(U,V)) * 4pq

then, U, V) c ¥ (U,V).
6. By (1), ¥5.(E,G) © B;, and by (5) we have,
Y5 (E,G) = Y5 (¥s.((E, @)

7. Let (E &) = L
w5 (E,G) = (X,¥)-(X,Y)-(E,6)) " and

(x,v)— (E,G))*s = (X,Y)™ py (11) of Theorem
3.3, then

Since,

Y. (E,G) = (X,Y)-(X,Y)"s.
8. Since for any (E,G) € K(X) X K(Y),

Y. (E,G) = (X,Y)-((x,Y)-(E,G)°

then by (4) of Theorem 3.3, we have,
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Int*(E,G) c (X,Y)-((X,Y)-(E,G)* = ¥5((E,G)

Therefore, Intbs(E,G) c ¥ ((E, G).

9. Let ¥5.(E.6) = ¥5,(¥5,(E. @) o
This implies that,

((X.Y)-(E,G)" = (X, Y)-(E,G)=)"

(KY)= ((6¥) - (E6)*=¥5,((X¥) - ((4.Y) - E6)*) = (%Y) - ((XY)-E6))

10. By the definition of ¥5B and by (11) of
Theorem 3.3, we have,

Y. ((E,G) -D) =X, Y)-(X,Y)-((E G -D)*
=X, Y )-(((X,Y)-(E,G)) U D)™

=X V)XYV )-(EC)"

Hence,
Y5 ((E.G)— 1) = XY)((X,Y)~E G)* = ¥5(EG)

Therefore, ¥5.((E, 6)-1)=¥5,(E,G).

11. By the definition of xsz and by (11) of Theorem
3.3, we have,

lluBc((El G) U 1)
—x,v)- (xv)- ((E.e)u 1)
=X, Y)-(((X,Y) —(E,G)) — D

=X, Y)-(X.Y)-(E. )~
Hence,

¢, Y)-((X,Y)—(E G)"
5. (E, G)

Therefore, "UBS((E' G)U I) = ¥p, (E, G).
12. Let ((E,G)-(H,L)) U ((H,L)-(E,G)) € I,
and let (EIG)_(HI L) = 111 (Hl L)—(E, G) = 12'
It is clear that /1 and /2 € I. Also observe that
(H,L)= ((E,G)-I11)U I,.....(})

X, Y)— (X, Y)-(E,6)) < (X,Y)-((X,Y)-(E by (11), ¥5.(E, G) = ¥5,((E. ©)-11) =

and by (2) of Proposition 2.15, since

(X,Y)— Int’(E,G) = cI*((X,Y)-(E,G)),

i.e,
Int*(E,G) = (X,Y)— cl*((x,v)— (E, G))
Hence,

Ys. ((E,G)-1,) U I,)

® we have

Y5, (H,L) = ¥5 ((E,G)-1,) U
Iy = l1"1575 (E.G)

.5. Binary Supra Codense ldeal

. Hence, form
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In this part, we introduce and define the

concepts of B, —
its properties.

codense ideal, and investigate

Definition 5.1 Let (X.Y,Bs,I) pe an ideal binary
supra topological space. The binary ideall is said to

be a binary supra codense Ideal (briefly, Bs—

codense ideal) if Bs N I = {0,0}.

Theorem 5.2 Let (X,Y,Bs,I) be an ideal binary

supra topological space, and I is a Bs —codense
with Bs. Then (X,Y) = (X,Y)™,
Proof It s sufficient  to

(X,Y)<S (X,Y)™ since (X,Y)™ € (X,Y) s clear.

show that

Let(x,¥) € (X,Y) put (x,¥) E(X,Y)7s Then,
there exists (U'V)(X'}') € Bs such that
(U'V)(x.}') nxy) e I. This implies that,

(U'V)(-w') € I, which is a contradiction since
(U'V)(X')’) nr= {0, Q} Hencer (x,¥) € (X,Y)"s ,

and then (X VY) S (X,Y)* Therefore,

X.7) = (Y=
Theorem 5.3 Let (X.Y,Bs,I)  pe an ideal binary

supra topological space. Then following conditions
are equivalent:

1. B NI = {@,(Z)}
2. lIUBS((?), ?) = (9,9).
3. Il €1 then¥BsU) = (0,0).

Proof. (1) = (2), let Bs n1I = {0,0} By Theorem
5.2, we have

ISSN 1013-5316;CODEN: SINTE 8

415

Y. (0,9) = (x,7) - ((x,v) - (9,0)"°
=X Y)-(XY)s = (0,0).

2) = (3),let Ie I. Since,
Yp.) = XY)—((X,Y)— D",
then by (11) of Theorem 3.3,

(G Y)-1)" = (xX,v)"
and hence, ¥B.(I) = (X,Y) — (X,Y)™ = (9,0)
by Theorem 5.2.
(3) = (1), Let (B/6) € Bs 0 1 e (EG) € 1)
and by ) ¥s.((E,G)) = (9,9). Also,
(E,G) € Bs and then by (5) of Theorem 4.2, we
have (E,G) c Y5 ((E,G)) = (0,0)
B:; NI = {0,0}.

Hence,
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