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ABSTRACT: We investigate modifications of the well-known irregularity strength of graphs, namely the
total vertex irregularity strength. In this paper, we determine the exact value of the total vertex irregularity
strength of families of ladder related graphs, namely, triangular ladder, diagonal ladder, triangular snake

and double triangular snake.
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1. INTRODUCTION AND DEFINITIONS

As a standard notation, assume that G = G (V, E) is a finite,
simple and undirected graph with p vertices and q edges. A
labeling of a graph is any mapping that sends some set of
graph elements to a set of numbers (usually positive
integers). If the domain is the vertex-set or the edge-set, the
labeling are called respectively vertex-labeling or edge-
labeling. If the domain is V U E then we call the labeling a
total labeling. In many cases it is interesting to consider the
sum of all labels associated with a graph element. This will
be called the weight of element.

Motivated by total labeling mentioned in a book of Wallis
[10], Baca et al. in [5] introduced a vertex irregular total
labeling of graphs. For a simple graph G = (V, E) with
vertex set V and edge set E, a labeling ¢: V UE — {1, 2, . ..
, k} is called total k—labeling. The associated vertex weight
of a vertex x €V (G) under a total k—labeling ¢ is defined as

W) = () + o BO).

where N(X) is the set of neighbors of x. A total k-labeling ¢
is defined to be a vertex irregular total labeling of a graph G
if for every two different vertices x and y of G,

WE(X) # wt(y)

The minimum k for which a graph G has a vertex irregular
total k-labeling is called the total vertex irregularity strength
of G, tvs(G).

In this paper, we study properties of the vertex irregular total
labeling and determine a value of the total vertex irregularity
strength for classes of ladder related graphs, such as
triangular ladder, diagonal ladder, triangular snake and
double triangular snake.

Triangular Ladder, denoted by TL,, is the graph obtained
from ladder by adding single diagonal to each rectangle.
Thus the vertex set of TL, is {vi; |1 <i <2, 1 <j<n}and the
edge set of L, is

EG) = {Vi,jVi,j+1|1 <i<2,1<j<n-1} U{Vi,jVi+1J i=11<
j<n} U{viViajali=1,1<j<n-1}

Diagonal Ladder, denoted by DL,, is the graph obtained
from ladder by adding two diagonals to each rectangle. Thus

the vertex set of DL, is {vi; |1 <i <2, 1 <j <n} and the edge
set of DL, is

EG)={vijVijs1]l <i <2, 1<j<n—-1}Avivingjli=1, 1<
SN} AVNwmli =1, 1 <j<n— 1} U{ViNmpnli = 1, 2 <j<n}

Triangular Snake, denoted by TS,, is the graph obtained
from a non-trivial path P: vy, v, . . ., vy by adding new
vertices Uy, Uy, . . ., Uy—3 joining each u; with v; and viy (1 <i
<n — 1). Thus the vertex set of TS, is

{vi,yll<i<n 1<j<n-1}

and the edge set of TS;, is

{ViVis1, Vili, UiVing|1 <i<n -1}

Double Triangular Snake, denoted by DTS, is the graph
obtained from a triangular snake TS, by adding new vertices
Wi,W, . . . ,W,1 joining each w; with viand vi,; (1<i<n -
1). Thus the vertex set of DTS, is

{vi,uwj|1<i<n 1<j<n-1}

and the edge set of DTS, is

{ViVis1, Villi, UiVisg, ViWg,WiViag |1 <i<n — 1}

2. KNOWN RESULTS

The following theorem proved in [5], establishes lower and
upper bound for the total vertex irregularity strength of a (p,
q)-graph.
Theorem 1 [5] Let G be a (p, q)-graph with minimum
degree 6 = 8 (G) and maximum degree A = A (G). Then
{M—‘sws(G)Sp FA-26+1 )

A+1

If G is an r-regular (p, g)-graph then from Theorem 1 it
follows:

PHU cvs(G)<p- r+1
LH—‘_VS( )<p-r+
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For a regular Hamiltonian (p, q) graph G, it was showed in
[5] that tVS(G):{mZ] Thus for cycle C, we have that
3

tvs(Cp):[p%z—‘
Recently, a much stronger upper bound on total vertex
irregularity strength of graphs has been established in [4]. In
[6, 7, 8], Nurdin et al. found the exact values of total vertex
irregularity strength of trees, several types of trees and
disjoint union of t copies of path. Whereas the total vertex
irregularity strength of cubic graphs, wheel related graphs,
Jahangir graph J,, for n > 4 and circulant graph C,(1, 2) for
n > 5 has been determined by Ahmad et al. [1, 2, 3]. K.
Wijaya et al. [11, 12] found the exact value of the total
vertex irregularity strength of wheels, fans, suns, friendship,
and complete bipartite graphs. Slamin et al. [9] determined
the total vertex irregularity strength of disjoint union of sun
graphs.

3. MAIN RESULT

We start this section with the result on the total vertex
irregularity strength of triangular ladder TL, graph in the
following theorem.

Theorem 2 The total vertex irregular strength of triangular
ladder TL,, for n > 8, is

tvs (TL,) = {

2n+ 2—‘
5
Proof.

Recall that the vertex set and edge set of triangular ladder
are
V(G)={vij|1<i<2,1<j<n}
EG) = {vijvij+1]1 <1 <2, 1<j <n—1}Av V5] 1 <j<n}
[vijvojml 1<j<n—1}

The triangular ladder TL, has 2 vertices of degree 2, 2
vertices of degree 3, and 2n — 2 vertices of degree 4. The
lower bound of the total vertex irregular strength of
triangular ladder TL, follows from (1). Thus

s (TL,)> [%}

We now prove the upper bound by providing labelling
construction for TL,,.

Let {2n+2":k
5
2, forj =1
1 for2<j<kj=n
¢(V1‘,): min{j -k + 2,k}, fork +1<j<n-3
n+2-k—B—‘, forj =n-2
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2, forj=1
1, forl <j<Kk
n-2k+3, forj=k+1
{n_2k+ﬂ+[—]_k_2w fork+2 <j<n-2
o)) 21
2 forj=n-1&kandj
2n + 2 - 4k, i
have same parity
on+2-3K- 2n-3k+1 f-Ol’j = n_- 1&kanq
j have different parity
3 forj=n
1, forj=n-1
, forj=n-2

k

¢(V1‘jvl,1+1): 1’
{%M—l for 2k-2< j<n-3
1

for 1< j<2k-3

. for 1< j<k
for k+1< j<n-2
k and j have different parity

¢(V2'V2 '+1): H H

b n-3k+j+3| fork+l<j<n-2

2 "k and j have same parity
K, forj=n-1
min{j,k}, forl<j<n-1

¢(V11V21):{1 f 1 —

1z , orj=n

ka

¢(Vl‘JVZ,jq ) = mln{]vk}y f0r lS J S n_l

This labeling gives weight of the vertices as follows:

3, forj=n
2j+3,  forl<j<k+1
Wiy, ) = n+k+3, forj=n-2
17 13k+2,  forj=n-1
j+k+4, fork+2<j<2k-3
j+k+5, for2k-2<j<n-3
2j+2, forl<j<k
wt(v,;)=4¢2n+4, forj=n
n+j+3, fork+1<j<n-1

It is easy to check in both these cases that the weights of the

=11 vertices  are different, that is {3, 4, ..., 2n + 2}. This

labelling construction shows that
tvs (TLJS[%}

Combining with the lower bound, we conclude that

tvs (TL,) = [2”75*2}
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The proof is now complete.

The illustration of the Theorem 2 is shown in Figure 1.

Let DL, be a diagonal ladder graph, we find the total
vertex irregularity strength of such a ladder in the following
theorem.

Theorem 3 The total vertex irregular strength of
diagonal ladder DL,, for n>3 is
s (DLH):F”;ﬂ

Figure 1: The vertex irregular total labeling of triangular
ladder TLg and TL3

Proof. Recall that the vertex set of DL is {v;;[1 <i <
2, 1 <j <n}and the edge set of DL, is

E(G) ={vi’j vi’j+1|1 <i<2,1<j Sn—l}u{vlijzyj 1<
J=n}Av vyl si=sn—1} u{vy v, ,12=) <

n}

The diagonal ladder DL, has 4 vertices of degree 3, and 2n
— 2 vertices of degree 5. The lower bound of the total
vertex irregular strength of triangular ladder T L follows
from (1). Thus

tvs (DLH)Z(ZnJrﬂ

We now prove the upper bound by providing labelling
construction for DL .

Let FrHﬂ:k
6

We label the vertices and the edges of DL, in the following
way.

ISSN 1013-5316; CODEN: SINTE 8

1, fori=1,2 and j=1,2
{MW—(Z—D, fori=1,2and 3< j< H
3 2
. . |n
. fori=1,2and j=| — | +1,
k—i+1, 2
#(v, ;)= when n =0 (mod2)
. . |n
fori=1,2and j=| = [+1,
K, : M
when n =1 (mod2)
{w—‘ fori=1,2 and FJ+2sjs n
6 2
1 fori=landj=1
2, fori=2andj=1
2“'_11, fori=1,2 andZSjSFJ—l
3 2
. . |n
fori=land j=| —|,
K, : M
when n =1 (mod 2)
Vi Vi) =10 . .
¢ i, |.J+1) 2j+i _1-‘ fori=2 and FBJ,
3 1
when n =1 (mod 2)
(2] +i —1'. fori=1,2 and j= EJ
3
when n =0 (mod 2)
wl fori=1,2 and F +1<j<n-1
6 2]
2(j—-1) _In
{T-‘ forZSJSLEJ
K, for j= _%_Jrl,LgJJfZ;
when n =1 (mod 2)
PV, Vo) = 2G4-D _1)] fori= % M
I 3 when n =0 (mod 2)
[4n+1+ 2i —4j"l for j= % +2;
6 when ;1 E_O (mod 2)
—4n+1+62I 741—1 for L2J+3s i<n
{M—‘—L for1<j< PJ
3 2
, for j =PJ+1
¢(V1,j Vz,j = 2

{LZ‘H] for Husjsn—l
6 2

2, forj=n
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[Zw_ﬂ for 13,-SH
3 2
for j :PJﬁLL
K, 2
when n =1 (mod 2)
PV Vo) =
. . - n
[4n—3+2|—4j"l forj:bJJrl,
6 y

when n =0 (mod 2)

[w—l’ for [EJ+2S J <n-=-1
6 2

This labeling gives weight of the vertices as follows:
When n is odd,

4j+i-1, if n=1,2 and 1gngEJ—1

2
4j+i, if n=1,2 and j= FJ
2
if n=1,2 and j= EJ :
4k+2L3J+2—2i, ifn=1,2and j [ +L
3
n =3 (mod 6)
wt(v“):
4k+2FJ+1_i’ it n=1,2 and]:[
: n = 3 (mod 6)

J
|

@n+i+(=D)")-4(j —L"”J)afl, if n=1,2 andj:B +2

2

@n+i+(D")—4(j {Taj) if n=1,2 and BJ+3§ j<n

When n is even,

it if n=1,2 and 1gng
2
. Il
2n+4-i, ﬁu_LzandJ_L;J+L
n=0 (mod 6)
wt(vlyj)—
i ﬁi:LZandj:{EJ+t
2n+i+1, :
n= 0 (mod 6)
(2n+i+(—1)")_4(j_{n+3J)’ ifi=1,2 and FJ‘FZS J <n
: 2

In both these cases It is easy to check that the weight of the
vertices are different, that is {4,5,..,2n—-3,2n—1,...,2n
+ 3}. This labelling construction shows that

ts (DLn)s(Z”gﬂ

Combining with the lower bound, we conclude that

s (DLH):F”gﬂ

Let TS, be a triangular snake graph, we find the total
vertex irregularity strength of such a graph in the following
theorem.

Theorem 4 The total vertex irregular
triangular snake graph TS , forn>7is

strength  of
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5

Proof. Recall that the vertex set of DL, is
{vi,ujllsi <n 1<j<n—1}

andtheedgesetof TS is

{ViVi, ViU, Uy, |1 <i<n—1}

The triangular snake graph TS, has n + 1 vertices of degree
2, and n — 2 vertices of degree 4. The lower bound of the total
vertex irregular strength of triangular ladder TL_  follows

from (1). Thus

tvs (TS, ) < [%1

We now prove the upper bound by providing labelling
constructionfor TS,. Let

[Zn +1-‘=k

5
We label the vertices and the edges of TS, in the following
way.

n—2k +3, fori=13<i<k+1
2, fori=2
¢(Vi): . .
n—2k +2, fori=nk+2<i<2k
i—4k+n+2, for 2k+1<i<n-1
K, fori=1
¢(Ui): . .
max{Li—2k +1}, for 2<i<n-1
p(vv,,,) =k, for 1<i<n-1
K, fori=1
guu;) =11, for 2<i<k+1
min{i—k,k}, for k+2<i<n-1
n-2k +1, fori=1
¢(Vi+1ui): - .
min{i—1,k}, for2<i<n-1
This labeling gives weight of the vertices as follows:
n+2, if i=n
Wt(Vi): .. .
n+2+i, if 1<i<n-1
n+l ifi=1
\Nt(ui): . . .
i+1 if 2<i<n-1
It is easy to check that the weight of the vertices are
different, that is {3, 5, . .., 2n + 1}. This labelling

construction shows that

tvs(TS,) < Fn; 1}

Combining with the lower bound, we conclude that

tvs(TS,) = Pn;ﬂ
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Let DTS, be a double triangular snake graph, we find the
total vertex irregularity strength of such a graph in the
following theorem.

Theorem 5 The total vertex irregular strength of double
triangular snake graph DTS, for n >4 is

H

3

Proof. Recall that the vertex set of DTS is
{vi,uj,wj|1§i§n, 1<j<n-1}

and the edge set of DTS, is

{vivi+1’viui’ uivi+1’ViWi’WiVi+1|1 <i<n-—1}
Thus the double triangular snake graph DTS has 2n — 2
vertices of degree 2, 2 vertices of degree 3 and n— 2 vertices
ofdegree 6. The smallest weight of DTS, must be 3, so the
largest weight of vertices of degree 2 is at least 2n, the
largest weight of vertices of degree 3 is at least 2n + 2.
Moreover, the largest weight of n— 2 vertices of degree 6 is
3n. Consequently, the largest label of one of vertices or

edges of DTS, is at least {[2{* {n+l—| Fn'*} [Zn—l for
max<| — || — || = | =| =

3 2 'l7 3
n>4. Thus
2n
tvs(DTS,) = {?]
We now prove the upper bound by providing labelling
construction for DTS,
Let

We label the vertices and the edges of DTS in the following
way.

2n -2k, fori=1
p(v,) =ymax{l,i—k}, for2<i<n-1
2n+2 -3k, fori=n
#(u.) =max{li-k+1} for1<i<n-1
i+1 for 1<i<k-1
PW) =+ .
i—-2k+n+1, fork<i<n-1
1, for2<i<k
¢(Viui): .
k, fork+1<i<n-1

S W) = 1, forl<i<k-1
MK, fork<i<n-1

#(vi.U) = minfi, k}, for 1<i<n-1

p(vivi) =g(viw) =k, for 1<i<n-1.

This labeling gives weight of the vertices as follows:

: CODEN: SINTE 8 5
2n+1, if i=1
2n+2, if i=n
wt(v,) = . :
3k+2+i, if 2<i<k
i +5k, if kK+1<i<n-1
i+2, if 1<i<k
wt(u;) =4 . :
i+k+1 if k+1<i<n-1
i+k+2, if 1<i<k-1
wt(w,) =1. . .
i+n+1, if k<i<n-1

Itis easyto check that the weight of the vertices are different.
Thislabelling construction shows that

2n
tvs(DTS,) < {?]

Combining with the lower bound, we conclude that

tvs(DTS,) = [Z—Sﬂ

The proof is now complete.
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